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We investigate topology of the space of B-convex compacta of ﬁnite-dimensional Banach
space (the notion of B-convexity space was introduced by M. Lassak). An answer to the
question of M. van de Vel about a characterization of continuity of the closed B-convex
hull is given. We prove that the space of B-convex compacta is a Q -manifold iff the map
of the closed B-convex hull is continuous.
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0. Introduction
The notion of B-convexity for a metric space was introduced by M. Lassak in [4]. M. Lassak also studied basic properties
of B-convexity in ﬁnite-dimensional Banach spaces Rn [4,5]. Let us remark that for this class of spaces the notion of B-
convexity coincides with the notion of H-convexity introduced in [2]. There is an example in [2] which shows that the
operator of the closed B-convex hull is not always continuous. M. van de Vel asked about a characterization of continuity
of the closed B-convex hull in Rn [6, Problem 2.26.3]. One of the aims of this paper is to give such a characterization.
Another goal of the paper is to study topology of the space BccRn of B-convex compacta in a ﬁnite-dimensional Banach
space Rn . It is known that the space expRn of all compacta and the space ccRn of all convex compacta are Q -manifolds
(see [1,3]). The continuity of the hull operator turns out to be a crucial point in the study of topological properties of the
space BccRn which is a Q -manifold iff the hull operator is continuous.
The paper is arranged in the following manner. In Section 1 we give necessary deﬁnitions and facts, in Section 2 we give
a characterization of continuity of the closed B-convex hull and in Section 3 we study topological properties of the space
BccRn .
1. Preliminaries
By Rn , n  2, we denote n-dimensional Banach space and by d we denote the metric on Rn generated by norm. For
a compact subset A ⊂ Rn and ε > 0 by Bε(A) we denote the set {x ∈ X | d(x, A)  ε} and by Nε(A) we denote the set
{x ∈ X | d(x, A) < ε}. By Bε we denote the closed ε-ball with center in 0 and by B the closed unit ball with center in 0. By
B we denote the family of all closed balls.
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containing these points [4]. In this paper we consider the notion of B-convexity for the spaces Rn with the metric induced
by the norm. Evidently, each B-convex subset of Rn is convex. It is known that the family of B-convex sets is closed under
translations and homotheties [4]. It is shown in [5] that the following conditions are equivalent: (1) a compact subset K
of Rn is B-convex; (2) K is an intersection of balls; (3) K is an intersection of B-convex halfspaces. For every A ⊂ Rn the
symbol B-conv A (or B-conv(A)) denotes the intersections of all B-convex sets containing A.
By expRn we denote the space of all non-empty compact sets in Rn endowed with the Hausdorff metric dH which is
deﬁned by the formula
dH (K1, K2) = inf
{
ε ∈ R ∣∣ K1 ⊂ Nε(K2) and K2 ⊂ Nε(K1)
}
.
It is known that expRn is homeomorphic to Q \ {∗} where Q is the Hilbert cube [3].
The Hausdorff metric generates the Vietoris topology on expRn , a subbase of which consists of the sets U+ = {A ∈
expRn | A ⊂ U } and U− = {A ∈ expRn | A ∩ U = ∅} for any open set U ⊂ Rn . We call a map f : Y → expRn upper semicon-
tinuous iff the set f −1(U+) is open in Y for each open subset U of Rn .
By BccRn we denote the subset of expRn consisting of B-convex compacta.
2. Continuity of the closed B-convex hull
Deﬁne a map βB : expRn → BccRn as follows: βB(K ) = Cl(B- conv(A)) for A ∈ expRn . It is known that βB(K ) =⋂{L ∈
B | L ⊃ K } (see [5]). The map βB not always is continuous (see for example [2]).
Lemma 1. The map βB is upper semicontinuous.
Proof. Let U be an open set in Rn such that βB(K ) ⊂ U for a compactum K ∈ expRn . There exists ε > 0 such that
Nε(βB(K )) ⊂ U . We can choose balls K1, . . . , Kl ∈ B such that βB(K ) ⊂⋂li=1 Ki ⊂ N ε2 (βB(K )).
For a ball L ∈ B with center x and radius r by L(+δ) we denote the ball with center x and radius r + δ. Let us show
that there exists δ > 0 such that
⋂l
i=1 Ki(+δ) ⊂ Nε(βB(K )). Suppose the contrary. Then for each i ∈ N we can choose
bi ∈⋂ls=1 Ks(+ 1i ) such that d(bi, βB(K )) ε. We can assume that bi → b. We have that b ∈
⋂l
s=1 Ks and d(b, βB(K )) ε.
That is a contradiction.
Consider any M ⊂ Nδ(K ). Then βB(M) ⊂⋂li=1 Ki(+δ) ⊂ Nε(βB(K )). Hence βB(Nδ(K )+) ⊂ U+ and the map βB is upper
semicontinuous. 
Countable intersections of open sets are called Gδ-sets and its complements are called Fσ -sets.
Lemma 2. BccRn is a Gδ-subset of expRn.
Proof. Let us show that β−1B (U ) is an Fσ -subset of expRn for each open subset U of expRn . It is enough to consider only
subbase elements. Let V be an open subset of Rn . Since the map βB is upper semicontinuous, the set β
−1
B (V
+) is open,
hence it is an Fσ -subset. Now, the set expRn \ β−1B (V−) = β−1B ((Rn \ V )+) = (since Rn \ V is closed, we can represent Rn \
V =⋂∞s=1 Vi , where Vi are open subsets of Rn) = β−1B (
⋂∞
s=1 V
+
i ) =
⋂∞
s=1 β
−1
B (V
+
i ) is Gδ . Hence β
−1
B (V
−) is an Fσ -subset
of expRn .
Consider a map f : expRn → expRn × expRn deﬁned as follows f = (IdexpRn , βB). It is easy to check that f −1(U ) is
an Fσ -subset of expRn for each open subset U of expRn × expRn . Denote by D = {(A, A) ∈ expRn × expRn | A ∈ expRn}
which is a closed subset of expRn × expRn . Then we have that the set expRn \ BccRn = f −1(expRn × expRn \ D) is Fσ ,
hence BccRn is Gδ . 
Now, we are going to prove the main result of this section which gives an answer to the question of van de Vel. Denote
by ssRn the set of all linear subspaces of Rn . We consider ssRn as a subspace of expRn identifying each subspace with
its intersection with unit ball. By BssRn we denote the subspace of ssRn consisting of B-convex linear subspaces. Let us
remark that the subspace of BssRn consisting of all B-convex hypersubspaces (subspaces of codimension 1) is compact [4].
Theorem 1. The map βB is continuous iff the space BssRn is compact.
We start with the following technical characterization of continuity of βB .
Lemma 3. The following conditions are equivalent:
(1) the map βB is continuous,
(2) the subset BccRn is closed in expRn,
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separating K and Bδ ,
(4) for each R > 0, ε > 0 there exists δ > 0 such that for each K ∈ BccRn with K ⊂ BR we have βB(Bδ(K )) ⊂ Bε(K ).
Proof. The implication (1) ⇒ (4) follows from the uniform continuity of the map βB on the compact space exp(BR+δ).
(4) ⇒ (3). Fix R > 0 and ε > 0. Choose δ > 0 such that for each K ∈ BccRn with K ⊂ BR we have βB(Bδ(K )) ⊂ B ε(K )
2
.
Let K ∈ BccRn , such that K ⊂ BR \ Bε . Then 0 /∈ βB(Bδ(K )) and there exists a B-convex hyperplane H separating βB(Bδ(K ))
and 0. Particularly, H separates Bδ(K ) and 0. Let ϕ be a functional, such that H = {x ∈ Rn | ϕ(x) = α} for some α > 0 and
‖ϕ‖ = 1. Then the B-convex hyperplane H ′ = {x ∈ Rn | ϕ(x) = α + δ} separates K and Bδ .
(3) ⇒ (2). Consider any K ∈ expRn \ BccRn . Then there exists a ∈ B-conv K \ K . We can suppose that a = 0. Let R be a
positive number such that K ⊂ BR−1. Put ε = d(0,K )2 . We can choose δ > 0 such that for each K ∈ BccRn with K ⊂ BR \ Bε
there exists a B-convex hyperplane separating K and Bδ . We can assume δ  ε < 1. Consider a neighborhood V = {C ∈
expRn | dH (C, K ) < δ} of K in expRn and L ∈ V . Assume that L is B-convex. Then we have that L ⊂ BR \ Bε and there
exists a B-convex hyperplane H separating L and Bδ . We can choose a functional ϕ such that ‖ϕ‖ = 1 and H = {x ∈ Rn |
ϕ(x) = α} for some α > δ. Then ϕ(x) α for each x ∈ L. Consider B-convex hyperplane H ′ = {x ∈ Rn | ϕ(x) = α − δ}. Since
dH (L, K ) < δ, we see that H ′ separates K and 0. We obtain a contradiction with 0 ∈ B-conv K . Hence L is not B-convex and
V ⊂ expRn \ BccRn .
(2) ⇒ (1). Suppose the contrary. Then there exists a sequence (Ai) in expRn which converges to A ∈ expRn and the
sequence βB(Ai) does not converge to βB(A). We can assume that the sequence βB(Ai) converges to some C ∈ expRn .
Obviously A ⊂ C . Since the map βB is upper semicontinuous, we have C ⊂ βB(A). By our assumption C = βB(A), thus
C /∈ BccRn and we obtain a contradiction. The lemma is proved. 
Lemma 4. Let A be a B-convex compactum in Rn, n > 1, such that A ∩ B = ∅. Then there exists a positive integer k  n − 1 and a
family H1, . . . , Hk of B-convex closed halfspaces such that A ⊂⋂ki=1 Hi ⊂ Rn \ B.
Proof. Consider families S1 = {H | H is a B-convex closed halfspace such that B ⊂ H} and S2 = {H | H is a B-convex closed
halfspace such that A ⊂ H}. We have that ⋂S1 = B and ⋂S2 = A, hence by Helly’s theorem there exist H1, . . . , Hn+1 ∈
S1 ∪ S2 such that ⋂n+1i=1 Hi = ∅. The family {H1, . . . , Hn+1} has non-empty intersections with S1 and S2. We can suppose
that H1 ∈ S1 and Hn+1 ∈ S2. If H2, . . . , Hn+1 ∈ S2, then B ⊂ H1 and H1 ∩ A ⊂ H1 ∩ H2 ∩ · · · ∩ Hn+1 = ∅. Hence there exists
a B-convex halfspace H such that A ⊂ H ⊂ Rn \ B .
Consider the case when |{H1, . . . , Hn+1} ∩ S1|  2. We can suppose that {H1, . . . , Hn+1} ∩ S1 = {H1, . . . , Hs} with 2 
s n. Put k = n + 1− s. We have that A ⊂⋂n+1i=s+1 Hi ⊂ Rn \
⋂s
j=1 Hi ⊂ Rn \ B . The lemma is proved. 
We say that a family of hyperplanes in Rn is linearly independent if the family of their normal vectors is linearly
independent.
Lemma 5. Let A be a convex compactum inRn, and H1, . . . , Hl, where l n−1, is a family of halfspaces, such that A∩(⋂li=1 Hi) = ∅,⋂l
i=1 Hi = ∅ and A ∩ (
⋂
i∈M Hi) = ∅ for each set M  {1, . . . , l}. Then the family K1, . . . , Kl is linearly independent where each Ki is
the bounding hyperplane of Hi .
Proof. Suppose the contrary: the family {K1, . . . , Kl} is linearly dependent. Let L be the subspace of Rn obtained by intersec-
tion of hypersubspaces parallel to hyperplanes K1, . . . , Kl . Then dim L  n+1− l. Consider the quotient map ϕ : Rn → Rn/L.
Then dimRn/L  l − 1 and we have a family ϕ(H1), . . . ,ϕ(Hl),ϕ(A) of l + 1 convex subsets of Rn/L with empty intersec-
tion such that every proper subfamily has non-empty intersection. We obtain a contradiction with Helly’s theorem and the
lemma is proved. 
Proof of Theorem 1. Necessity. Since ssRn is compact, it is enough to prove that BssRn is closed in ssRn . Suppose the
contrary. Hence there exist a subspace L ∈ ssRn \ BssRn and a sequence Li in BssRn such that Li converges to L. Take any
a ∈ B-conv L \ L. Then there exists {a1, . . . ,ak} ⊂ L such that a ∈ B-conv{a1, . . . ,ak}. We can choose sequences (ai1), . . . , (aik)
such that ail converges to al for each l ∈ {1, . . . ,k} and ail ∈ Li for each i ∈ N. Then B-conv{ai1, . . . ,aik} ⊂ Li for each i ∈ N.
Thus βB({ai1, . . . ,aik}) doesn’t converge to βB({a1, . . . ,ak}) and we obtain a contradiction.
Suﬃciency. Suppose the contrary: the map βB is not continuous. Then there exists a sequence K1, K2, . . . of B-convex
compacta which converges to a compactum K which is not B-convex. Hence there exists a point x ∈ B-conv(K ) \ K and a
ball U with center in x such that U ∩ Ki = ∅ for each i ∈ N. We can suppose that x = 0. By Lemma 4, for each i ∈ N we
can choose a family Hi1, . . . , H
i
li
of B-convex halfspaces such that K ⊂⋂lij=1 Hij ⊂ Rn \ U where li  n − 1. We can suppose,
taking a subsequence, if necessary, that li = l for each i ∈ N, the sequence Hij converges to a B-convex halfspace H j for each
j ∈ {1, . . . , l} and for each i ∈ N the family Hi1, . . . , Hil is a minimal separating family (it means that the set HiM =
⋂
j∈M Hij
intersects U for each M  {1, . . . , l}), moreover the sequence d(0, Hi ) converges to 0.M
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i
j and put L
i = ⋂lj=1 Lij . By Lemma 5 the family {Lij | j ∈
{1, . . . , l}} is linearly independent. Hence we have dim Li = n− l 1 for each i ∈ N. It is easy to check that d(0, Li) d(0, Ki).
Hence we can suppose that Li → L and, since the space of B-convex subspaces is compact, we obtain that L is B-convex.
Put S = aff({0} ∪ L) =⋂lj=1 L j , where L j = limi→∞ Lij . Clearly, S is B-convex as an intersection of B-convex sets L j . Since
the sequence d(0, HiM) converges to 0 for each M  {1, . . . , l}, we have that S ⊃
⋂l
j=1 H j ⊃ K and L separates S between 0
and K . Using the proof of Theorem 8 from [5] we can ﬁnd a B-convex hyperplane P such that P ∩ S separates S between
0 and K and we obtain a contradiction with 0 ∈ B-conv(K ). The theorem is proved. 
3. Topology of the space of B-convex compacta
By KB we denote the family of hypersubspaces parallel to supporting hyperplanes at regular points (points with unique
supporting plane), and by HB we denote the closure of KB . It is known that HB is the family of all B-convex hyper-
subspaces [5]. For any closed subfamily H ⊂ HB with ⋂H = {0}, there exists a norm on Rn with unit ball B ′ such that
H = HB ′ [5]. If H is ﬁnite, then βB ′ : expRn → B ′ccRn is continuous [6].
Let F and G be two ﬁnite subfamilies of KB such that
⋂F =⋂G = {0}. By BF and BG we denote corresponding unit
balls of norms generated by F and G .
Lemma 6. If F \ G = ∅, then for each K ∈ BccRn and for each r > 0 the compactum βBF (Br(K )) is not BG-convex.
Proof. Let H ∈ F \ G and ϕ is the corresponding functional with ‖ϕ‖ = 1. Consider any K ∈ BccRn and ε > 0. Put a =
maxϕ(K ) and choose x0 ∈ K such that ϕ(x0) = a. Then a + r = maxϕ(Br(K )) and the hyperplane H ′ = {x | ϕ(x) = a + r} is
the supporting plane of Br(x0) at a regular point x1 of the sphere Sr(x0). Since H ′ is the unique supporting hyperplane at
the point x1 and H /∈ G , then for each L ∈ G there exists δ(L) > 0 such that (1+ δ(L))(x1 − x0) belongs to each halfspace S
with bounding hyperplane parallel to L such that Br(x0) ⊂ S (indeed, supposing the contrary, we obtain that a hyperplane
parallel to L is supporting of Br(x0) at the point x1, but it contradicts the regularity of x1). Since G is ﬁnite, we have
δ = min{δ(L) | L ∈ G} > 0. Then the point (1+ δ)(x1 − x0) can’t be separated from Br(K ) with any hyperplane parallel to an
element of G . On the other hand (1+ δ)(x1 − x0) /∈ βBF (Br(K )). The lemma is proved. 
We will need some notions of inﬁnite-dimensional topology. All spaces are assumed to be metrizable and separable.
A space K is called an absolute retract (shortly AR) iff for each closed embedding i : K → Y there exists a continuous map
r : Y → K such that r◦ i = IdK . Two maps f , g : X → Y are called ε-close, iff for each x ∈ X we have d( f (x), g(X)) < ε, where
d is a metric on Y . We will use the following (reduced) version of Torun´czyk Characterization Theorem for Q -manifolds
(see for example [1]).
Theorem A. A locally compact AR X is a Q -manifold iff for each compactum K , for each continuous map f : K → X and for each
ε > 0 there exist two ε-close to f maps f1, f2 : K → X such that f1(K ) ∩ f2(K ) = ∅.
The space X is called topologically homogeneous iff for each two points x1, x2 ∈ X there exists a homeomorphism
h : X → X such that h(x1) = h(x2). It is known that any Q -manifold is topologically homogeneous (see for example [1]).
If the family HB is ﬁnite, then the space BccRn is ﬁnite-dimensional, thus we consider spaces with inﬁnite HB .
Theorem 2. Let Rn be a Banach space with n > 1 and the family HB is inﬁnite. The following statements are equivalent:
(1) the map βB is continuous,
(2) the space BccRn is a Q -manifold,
(3) the space BccRn is homeomorphic to Q \ {∗},
(4) the space BccRn is topologically homogeneous.
Proof. (1) ⇒ (2). Since the map βB is continuous, the space BccRn is closed in expRn , which is locally compact [3]. We
have βB |BccRn = IdBccRn . Thus, since expRn is AR [3], BccRn is AR too.
Consider any continuous map f : K → expRn where K is a compactum and ﬁx ε > 0. There exists R > 0 such that⋃
f (K ) ⊂ BR . We can assume that R  max{ε,1}. By Lemma 3 we can choose δ1 > 0 such that for each compactum
C ⊂ B3R \ Bε there exists a B-convex hyperplane which separates C and Bδ1 . Put δ = δ16R .
We identify each H ∈ HB with a corresponding functional ϕH such that ‖ϕH‖ = 1. Since the family HB is inﬁnite, we
can choose two ﬁnite subfamilies F , G ⊂ KB such that F \ G = ∅, G \ F = ∅, ⋂G =⋂F = {0} and for each H ∈ HB there
exist F ∈ F , G ∈ G such that ‖ϕH − ϕF ‖ < δ, ‖ϕH − ϕG‖ < δ. We denote by BF and BG unit balls of norms generated by
families F and G , respectively.
It is known that the map γ : expRn × R+ → expRn deﬁned by the formula γ (A, t) = Bt(A) is continuous [3]. Deﬁne
maps f1, f2 : K → BccRn as follows f1(k) = βBF (γ ( f (k), δ)) and f2(k) = βBG (γ ( f (k), δ)). Since F and G are subfamilies
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from Lemma 4, that f1(K ) ∩ f2(K ) = ∅.
Let us show that f1 and f2 are ε-close to f . Choose any k ∈ K . Obviously f (k) ⊂ f1(k). Consider any point x ∈ Rn
such that d(x, f (k)) ε. We can assume that x = 0 and Bδ( f (k)) ⊂ B3R . There exists a B-convex hyperplane H = {y ∈ Rn |
ϕH (y) = α} separating Bδ1 and f (k). Since ‖ϕH‖ = 1, we have δ1 < α. Since δ  δ12 , the hyperplane H ′ = {y ∈ Rn | ϕH (y) =
α − δ} separates Bδ1/2 and Bδ( f (k)). Choose ψ ∈ F such that ‖ϕH − ψ‖ < δ. We have that α − 2δ > 0= ψ(x). On the other
hand for each y ∈ Bδ( f (k)) we have ψ(y) ϕ(y) − δ16R 3R > α − δ − δ12 > α − 2δ.
Hence the hyperplane {y ∈ Rn | ψ(y) = α − 2δ} separates x and Bδ( f (k)), thus x /∈ f1(k). We obtained that f1(k) ⊂
Nε( f (k)). Consequently dH ( f (k), f1(k)) < ε. For f2 the proof is analogous.
(2) ⇒ (3). Clearly, the Q -manifold BccRn can be represented as BccRn = ⋃∞i=1 B+i . (By B+i we denote the set {K ∈
BccRn | K ⊂ Bi}.) It is easy to see that each B+i is compact and B+i ⊂ Int B+i+1. Then by [5, p. 19] it is enough to prove that
each BccRn \ B+i is contractible.
Choose a point z ∈ Rn \ Bi . Deﬁne a contracting homotopy H : BccRn \ B+i × I → BccRn \ B+i as follows: H(K , t) =
{(1− l)k+ lz | k ∈ K , l ∈ [0,2t] if t  12 and l ∈ [2t − 1,1] if t  12 }. It is easy to check that H is well deﬁned and continuous.
(3) ⇒ (4). Obvious.
(4) ⇒ (1). Suppose that the map βB is discontinuous. Then there exists a sequence K1, K2, . . . of B-convex compacta
which converges to a compactum K which is not B-convex. Consider a B-convex compactum {0} and any neighborhood V
of {0} in BccRn . We can suppose that V = U+ ∩ BccRn , where U is a neighborhood of 0 in Rn . There exists a homothety
γ : Rn → Rn such that γ (K ) ⊂ U . Then V contains a sequence γ (Kl), γ (Kl+1), . . . of elements of BccRn which has no
convergent subsequence. Hence BccRn is not locally compact in {0} ∈ BccRn .
On the other hand, it follows from Theorem 1, that the map βB is continuous in any point K ∈ BccRn with dim K = n.
Thus B ∈ BccRn has a compact neighborhood in BccRn . Hence BccRn is not topologically homogeneous and we obtain a
contradiction. 
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